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Abstract

A bounded domain of R? is used to investigate a stochastic coupled model of the Allen-Cahn equations and
the stochastic magnetohydrodynamic equations. The model consists of the Allen-Cahn equation, Navier-Stokes
equations and Maxwell equations (magnetic field) which are nonlinearly coupled through convection, stresses
and Lorentz forces and expatiates the flow of the mixture of two incompressible, immiscible fluids under the
influence of an electomagnetic field with stochastic perturbations. We demonstrate the existence, uniqueness
and regularity of a strong solution. The method used is based on the Galerkin approximation, the stopping time

technique and some feeble convergence principles in functional analysis.
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1 Introduction

An important number of physical phenomena are elaborated by nonlinear partial differential equations. The
Navier-Stokes (NS) equations are an illustration of this and are meant to describe the evolution of an in-
compressible fluid and variants of these equations are found, among others in meteorology, oceanography (see
[5, 9, 10, 11, 15]). The Navier-Stokes equations coupled which the Maxwell equations of electromagnetism
through the Lorentz force gives the magnetohydrodynamic (MHD) model which applies to plasma in particular
and to many other fields in applied science.

Some years ago, the deterministic MHD system was explored by outstanding scientists (see [4, 16, 18, 19, 39,
40, 43, 49, 56, 57]). The authors in [4, 18, 43| carried out a research on the existence of martingale solutions to

the stochastic MHD equations. The proof uses the Galerkin method with some stochastic compactness theorem



due to Prokhorov and Skorokhod. Sundar [49] has demonstrated the existence and uniqueness of solutions of the
stochastic 2D MHD system orchastrated by a multiplicative or additive fractional Brownian noise. The proof
uses the method of local monotonicity which was defined by Menaldi and Sritharan [39]. Motyl [40] demon-
strated the existence of martingale solutions of a stochastic hydrodynamic-type evolution equations conducted
by Lévy noise in 3D unbounded domains. The overall framework is applied to the stochastic Navier-Stokes,
magnetohydrodynamic, and the Boussinesq equations. The authors in [56] laid the existence and uniqueness of
strong solutions for the stochastic three dimensional MHD equations with multiplicative noise.

The analysis of the interaction of electromagnetic field with the mixture of two incompressible, immiscible
fluids is of importance value in engineering, like MHD generators and pump accelerators (see [21, 27, 50]). In
fact in MHD generators and pump accelerators, some experimental and analytical studies on the flow of the
mixture of two immiscible fluids in a channel under an external magnetic field are carried out, [36, 37, 38, 46].
The Cahn-Hilliard-Magnetohydrodynamic system was given some introduction in [56, 59]. The system gives
some description of the flow of the mixture of two incompressible, immiscible and electrically conducting fluids.
The model consists of the Cahn-Hilliard equation, Navier-Stokes equations and Maxwell equations (magnetic
field) which are nonlinearly coupled through convection, stresses and Lorentz forces. In [59], the authors make a
proposal of a fully discrete energy stable finite element method with a semi-implicit scheme. They demonstrated
that there exist subsequences of discrete solutions which converge to weak solution of the model for vanishing
discretization parameters and the proof uses the stability of the scheme and the compactness method. In [56],
the authors prove the existence, uniqueness and regularity of strong solutions to a stochastic 2D Cahn-Hilliard-
Magnetohydrodynamic model, using the Galerkin method. The Cahn-Hilliard-Navier-Stokes system is a smooth
interface model for incompressible isothermal mixture of two immiscible fluids and consists of the Navier-Stokes
system coupled with a convective Cahn-Hilliard equations for the relative concentration difference of both fluids
(see [3, 14, 22, 23, 24, 31, 51]).

The regularity of the solution for a hydrodynamic system is important in proving the ergodicity of the equa-
tions and the error estimates of the discrete time scheme of these equations. The study of the regularity and the
numerical approximations of the Cahn-Hilliard, Cahn-Hilliard-Navier-Stokes, Allen-Cahn-Navier-Stokes, and
Cahn-Hilliard-MHD equations have been analyzed in ([22, 24, 51, 52, 53, 54, 56]). Moreover, [53] shows a new
regularity result for the weak solutions for the Allen-Cahn-Navier-Stokes equations. In [56], the authors study
the regularity of the solution of the 2D stochastic Cahn-Hilliard-MHD model. The proof uses the It6 Lemma
and some a priori estimates.

Stochastic partial differential equations aim at serving a mathematical model for systems with two types of
forces, one deterministic and the other random. These equations permit to take into account a random noise
in the evolution of a phenomenon. This may reflect for example some environmental effects on the phenomena,
some external random forces, etc. With regards to the literature consulted, this is the ever first study that
introduces the analysis of the stochastic version of the Allen-Cahn-Magnetohydrodynamic (AC-MHD) system.

This paper aims at analysing a class of stochastic 2D Allen-Cahn-Magnetohydrodynamic model. We demon-
strate the existence, uniqueness and regularity of strong solutions and use a Galerkin approximation, the stopping
time technique and some weak convergence principles in functional analysis for the proof of the existence and

regularity of strong solution. Let’s note that the stochastic Allen-Cahn-Navier-Stokes system was scrutinised in



[52, 53, 54].

The article is organised as follows. In the upcoming section, we elaborate on the 2D stochastic Allen-Cahn-
MHD model and the functional framework. In Section 3, we proceed to an introduction of a Galerkin scheme
and some a priori estimates of its solution. Furthermore, we demonstrate the existence and uniqueness of the
strong solution for the stochastic Allen-Cahn-Magnetohydrodynamic system. In addition, we demonstrate that
the Galerkin solution leads to the unique strong solution. In Section 4, we prove a regularity result for the

solution.

2 A stochastic AC-MHD model and its mathematical setting

2.1 Governing equations

We assume that a finite time horizon T > 0 is given and the domain M of the fluid mixture is a bounded
domain of R? with smooth boundary.

Then, the following system is considered:

% —vAv+ (v-V)v — KuVU + Vp — (d.V)d = f1(t,v) + fa(t, U)Wt,

ad

ET + veurl(curld) + (v.V)d = (d.V)v,

%+V3u+v-vqf:o, (1)

n= _VQA\Il + af(lll)7

div(v) = div(d) =0,

in M x [0,T].

In (1), the unknown functions are the random velocity of the fluid mixture, its pressure p, the magnetic field
d and the order (phase) parameter ¥. The external force fi(t,v) is provided and the term fo(t,v)W; denotes
random external forces that eventually relies on v, where W, stands for the derivative in accordance to the time
of a cylindrical Wiener process on a separable Hilbert space K. The quantity u is the chemical potential of the

binary mixture which is provided by the variational derivative of the following free energy functional.

F(¥) = /M <%|V\D|2 + aF(\I/)) ds, where eg., F(z)= /Of f(Qdc. (2)

The constants v1 > 0, v > 0, v3 > 0 and K > 0 represent respectively the kinematic viscosity of the fluid,
the magnetic resistivity, the mobility constant and the coefficient of capillarity. However v5 and o > 0 are two
physical quantities which characterize the interaction between the two phases. More precisely, v» has a link with
the area of separation of both fluids. The potential F' of logarithmic type is an important example and is in

certain time substituted with an approximate polynomial of the form
F(r)= yirt — 912, where 41,72 are positive wvalues. (3)

It is worth to be noted as in [24], that the first equation of the model can take the form:

% — v Av+ (v-V)v — (d-V)d+ Vp = —Kdiv(VE @ V) + f(t,0) + folt, )Wy,
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where p=p—K (%|V\Il|2 + aF(\I/)>, since KuVV¥ =V (IC (%\V\PF + aF(@))) — Kdiv(VU @ V).
The tensor product V¥ ® VV is the contribution which highlights the capillary forces coming from the tension
on the boundary zone of the fluids.

- 8”2 8u1

For a vector-valued function v = (u1, us) on M, define curl(u) = — — ——, and for a scalar-valued function

ox dy
¥ on M, curl(¥) = ((2\11’_(;\11 .
Yy x

Also we know that curl(curlu) = grad(divu) — Awu is valid in the two dimensions.

System (1) is combined with the following initial values and boundary conditions:

0V =0,AV =0 on OMx(0,T),

v=0 on OM,

curl(d) =0 on OM, (4)
dn=0 on OM,

u(0,2) = ug(z); d(0,z) =do(z); ¥(0,2) =Wo(x) in M,

where OM is the boundary of M and 7 is the outward normal to oM.

With regard to the first equation in (4), we imply the conservation of the following quantity

1
U(t :—/\I/amtdx, )
o) = g [ v )
where | M| is the Lebesgue measure of M. More exactly, we have
(W(t)) = (¥(0)) = Mo, Vt=>0. (6)

We assume from it that it can sometimes be supposed that the average of ¥ is null at the initial moment,
starting from a displacement of the field of parameter of order. Hence, it will be zero for all positive instants.

So, we suppose that

(W(t)) = (¥(0)) =0, Vt=0. (7)

Remark 2.1. The conservation of mass given by (7) does not hold if a stochastic perturbation of the Cahn-

Hilliard system is considered.

2.2 Mathematical setting

We note from [25] a weak formulation of (1). We also assume that the domain M of the fluid mixture is a
bounded domain of R?, with smooth boundary (for example, of class C®) and that f € C?(R) satisfies

|r\1—i>n-i}oo f'(r) >0, (8)

/()] < ep(L+Ir?), ¥reR,
where c; is a positive quantity.
Let us begin with the selection of the function spaces of the model (1).
If X is a real Hilbert space endowed with the scalar product (-,-)x, we consider as notation of its associated
norm | - |x, as well as X* will designate its dual.
We set
V) = {u € (C®(M))? : div(u) =0 in M}.
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Let’s design by H; the closure de V; in (L?(M))?, and V; the closure de V; in (H}(M))2.
We denote the scalar product in Hy by (-,-)z2 and its associated norm by |- |72, respectively.
Moreover, the space V; is accompanied by the scalar product

2

(u,v)) = Z(a$lu7 ain)LZa

i=1
and by the norm
[Jull = ((u,u))'/2.

We now consider the operator Ay defined by
Agu = —PAU, VUED(A()) :HZ(M)th

where P is the Leray-Helmholtz projector in L?(M) onto H;.
We also set

Vo ={de (C®°(M))?:div(d)=0 and dn=0 in OM},

and denote by H and V5 the closure of Vy in (L?(M))? and (H'(M))?2, respectively.

H, is endowed with the scalar product (-,-)z2 and the corresponding norm | - |f2. We have H; = H (see [56]).
Vo is endowed with the scalar product ((¥,v))v, = (curl¥,curly))r2 and its corresponding norm |||y, =
v/ ((¥,¥))y,, which is equivalent to the norm in H*(M).

We introduce the operators Ay € L£(Va, V5) defined by (Aju,v) = ((u,v))2 for all u,v € V.

The operator A; can also be defined as an unbounded operator generated by the boundary value problem

curl(curldy =g in M,
div(d) =0 in M, (9)
dn=0, curl(d)=0 on OM,

with domain

D(Al) = {C eVo:AC € HQ}

For more details about the operator A, we refer the reader to [17, 36].

It is logical that from the relation (8), we can choose v > 0 such as " lim  f'(r) > 2y > 0.
r|—>+00

By analogy, we introduce the linear positive unbounded operator A, on L?(M) by

AV = —AD+9¥, YU e D(A,)={pe H* (M), 9yp=0 on IOM}. (10)

Note that A7 is a compact linear operator on L?(M) and |A,.|z> is a norm on D(A,) that is equivalent
to the H?-norm.

As in [53], we introduce the bilinear operators B, By (with their associated trilinear forms bg, b1), and Ry,
which are defined from D(Ag) x D(Ap) into Hy, D(Ay) x D(A,) into L*(M), and (L2(M))? x D(A¥?) into
H,, respectively. More exactly, we set

(B(u,v),w) = /M[(u - V)] - wdx = bo(u,v,w), Yu,v,w € D(Ap),

(B(d, d), w) = /M[(d V)d] - wdz, Vwe D(A), de D(A),
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(B(d, v), B) = /M[(d V)] Bdz, Woe D(Ay), df e D(Ay),

(B(v,d), B) = /M[(U~V)d]~5dx, Vo e D(4y), d,B € D(A),

(By(u, W), p) = /M[(u V)V¥pde = b1(u, ¥, p), Vue D(Ao), ¥,pe D(A,),

(Ro(p, 0),w) = /M pVV - wlde = by(w, ¥, p), Yw e D(Ag), WeDAY?), pelL*(M).

Note that
Ro(p, ¥) = P(uV¥).

(B(u,v),wy = —(B(u,w),v), Yu,v,w e Vi,
(B(u,v),v) =0, VYu,v e,

where P is the Leray-Helmholtz projector in L?(M).
We set
Y = H, x Hy x HY{(M). (11)

The space Y is a complete metric space with respect to the norm
|(v,d, W)|§ = [v]Z> + |d[72 + va (VT2 + 7] P[72). (12)

We define the Hilbert space V by
V=W xVy x D(Ay), (13)

endowed with the scalar products whose associated norm is
(0, d, ©)[[§ = [[oll* + [curl(d)|Z2 + | A, |7 (14)
We also set
fo(r) = f(r) — a™ v,

and observe that f, still satisfies (8) with v in place of 2v since v < a. Also its primitive F,(r) = / f(Q)d¢
0
is bounded from below.

As in [25, 53|, we derive that B, By and Ry verify the below mentionned estimates

1/2
B, v)|vy < clul 22 llul V2]l Vu,v e Vi,

|B(u,d)|v; < clul}2|[ul[V2||d]], VueVi, deD(A)
|B(d, w)lv; < cld|y2NldI M3 ull, Vue Vi, deD(A) (15)
|Bi(0, W)\ 12 < clol 2 1Io]| /2| W][ V24, 02, Yo e Vi, W e D(A,),

| Ro(A, p)|vy < ellpl[V2|Aypl 224, W] 12, VO, p € D(A,).

We consider a positive value ¢ which depends on the domain M. In order to simplify the notations, we set

(without loss of generality) 1 = vy =v3=v=a=K =1
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Using the above mentionned notations, (1) can be written as follows

d .
di; + Agv + B(v,v) — Ro(A, U, ) — B(d,d) = fi(t,0) + fo(t,0)W, in VY,
%+[B(U,d)—3(d,v)+z41d] =0 in V5,

A

At B0, W) =0 in Vi, (16)

p=AU+ f,(9),

(U, d7 \I/)(O) = (Uo, do, \I/())

From Definition 1 of [56], it turns out that system (16) is equivalent to system (17) below, which is its integral

form .

0+ [ (Aools) + Blo(s).o(5) = Bld(s). d))ds = vo+ | Ro(a,0(5).w(s))ds

/flsv ds—l—/fgsv

/O [B(v(s), d(s)) — B(d(s),v(s)) + Ard(s)}ds = do, (17)

w(t) + / (1(s) + Ba (v(s), T (s)))ds = Ty,

p=AyV+ £, (9),
P-a.s., and for all ¢ € [0, 7.

Remark 2.2. In the weak formulation (16), Ay¥VV replaces the term pV¥ (see [53]).

Firstly, we recall from [52] some notations and very important results related to the nonlinear coupling
operator Ry (see propositions 2.1, 2,2 and 2.3 below). To satisfy the expectancies of readers, the proofs of these
results will be repeated here.

Now we introduce the trilinear form ry given by

oV 9 Ov; »
(0 Z/ 5 B, B dx, VO, e WhE v e V. (18)

Proposition 2.1. There ezists a constant ¢ > 0 such as
(2, 0)] < el I A T2 A 2]l Y, € D(A,), v e Vi (19)

Proof. From (18), we easily derive that for all ¥,¢ € D(A,),v € V1, we have

= / Di¥ (D) Djvidz| < |V 14|V | [ Vol g2 < of[0[12| AL 0[5 0|2 Ay 1o

1,j=1

|T1(\I/7 ’(/}7 ’U)

(20)
and (19) is proved. O

Proposition 2.2. There exists o bilinear operator Ry defined on D(A,) x D(A,) with values in Vi such as
<R1(\I’aw)7v> :7"1(‘1/7%“)7 v‘lla¢ € D(A"/)a vE ‘/1 (21)
Furthermore, there exists a constant ¢ > 0 such as

IRy (, ) vy < el [V A0 22|02 Ayl ), WO,4 € D(A,). (22)
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Proof. The first part of the proposition is linked to the fact that for any v € V4, the mapping r1(-,,v) defined
on D(A,) x D(A,) with values in R is continuous. The estimates (22) also follow directly from (19). O

Proposition 2.3. For allv € Vi and ¥ € D(A,), we have
(B1(v,¥), A, ¥) = —(Ry (¥, ¥), v). (23)

Proof. In order to simplify the notations, we assume the summation over repeated indexes. Considering the fact

that div(v) = 0 as well as the boundary conditions, we deduce by integration by part that

ov 9%V dv; O OV o2V oV
e O
=— Ui ——dx — f/ v; VY] de = — Vi —dzr =7 (¥, T,v) = (R1(T,T),v).
M (9(Ej 61'1 aiL’j 2 M 8:162 M al’j 5‘:& 8Zj
Note that in (24), we use the fact that (B;(v, ¥), f,(¥)) = 0. O
Remark 2.3. We recall from [54] that
div(VT © V) = V GIWF + aFw(\Il)> v, (25)
It is clear that div(V¥ ® Vi) € L2 (M), YV € D(A,),¢ € D(A?)Ym).
Furthermore
Ry(¥,4) = P1[di(VE @ V)], VU € D(A,), ¢ € D(AY?). (26)
It comes from (25)-(26) that
1
R1<\IJ, \If) =P [div(V‘I’ ® V\I/)] =P |:V (2|V\IJ|2 + OzF,Y(\IJ)>:| —P1 [,UV\I/] (27)
= —Pi[uVT] = Ro(u, T) = Ro(A, T, 0).
Remark 2.4. It comes from (19) and (27) that
[Ro(Ay W, U)[[vyr = [[Ra (W, W)y < cl[W][[Ay¥[L2, VU € D(A,). (28)

Assumption 1. Suppose that f; and fo are Lipschitz and sublinear functions from  x (0,7) x H; into
V¥ and from Q x (0,T) x Hy to £2(K; Hy)), respectively. That is, for all vy, va € Vi, f1(-,v1) and fao(-,v;) are

Fi-progressively measurable, and dP x dt-a.e. in Q x (0,7'), we have

172(6,02) = fa(tv2)
£1(8.0) € M2, (0.T: V7).

vy < Lifvr — a2,

(29)
[ fa(t,v1) — fa(t,v2) || 22k m,)) < Lalvr — valr2,
fa(t,0) € M%t (0,T; L?(K; Hy)).
Subsequently, we do consider that
(vo, do, ¥o) € L*(Q, Fo, P;Y). (30)

Thus for all (w, 5,¥) € Y, we set

E(w, B,9) = [wlf> + [IBI* + [[T]]* + 2(F (¥), 1) + i, (31)



where ¢; > 0 is a constant large enough and independent on (w, 8, ¥) such that £(w, 8, ¥) is no-negative
(note that F' is bounded from below). We can verify that there exists a monotone non-decreasing function

(independent on time and the initial condition) such as

|(’LU,5,\I/)|%( < E(W,ﬂ, \Il) < Q0(|(’UJ,6,\I/)|%{), (wvﬂv \II) ey. (32)

Definition 2.1. A variational solution to (16) or (17) is a process (v,d, ¥) € M% (0,T; V)NL*(Q, L>(0,T;Y)),

weakly continuous with values in Y such as (17) is verified in V*, P-a.s., for all t € [0,T).

3 Existence and uniqueness of solutions of the model

In this section, we demonstrate the existence and uniqueness of variational solution to (16).

Proposition 3.1. If (v,d, V) is a variational solution to (16) or (17), then (v,d,¥) € L?(Q,C[0,T);Y)), and

t

E(v,d, W)(t) + / (oS> + (1) + (s )I%z)ds:f(vo,doﬂl’o)JrQ/ (fi(s,0(s)), v(s))ds

0

+2 / (fals,0(s)), 0(s)dW) / [1fa(5,0(5)), 0(5) B ey s, ¥t € 10,7, (33)
B [ (fals0(s): o(s)aW.) =0, e [0.7],
0

Proof. From (16); and the Ité’s formula, we deduce that

v 22 ! v, vV S = |V 22 ‘ v S t v S
o) +2/0 (Ao )ds = +2/0 (Ro(A, 0, ), v)d t+2/0 (B(d,d), v)d ”
2 / (Fa(s,0(s)), v(s))ds +2 / (ol 0(s)), w(s)dW) + / [1fa5, 0()| B s, ¥t € [0,T].

Now, we take the scalar product in Hs of (16)s with b to derive that

t t
||d\|2+2/ <A1d,d>ds+2/ (B(d, ), v)ds = |do|y2. (35)
0

0

We multiply (16)3 by p and using (16)4 to derive that

<Cg7ﬂ> + (1) 2 + (Bi (v, ®), ) = 0,
(50) = (8 ) (2= o (40

d(|[W[]* + 2(Fy (¥),1)) + 2(|ulZe + bi(v, ¥, w))dt = 0. (36)

Then

Integrating (36) from 0 to ¢, we obtain

t
)2 + 2(F, (), 1) + 2 / (22 + by (v, W, )t = [Uo2. (37)

Adding the resulting equation to (34), (35), and (37) gives
t t t
()2 +2 / o(s)][2ds + ] + |92 + 2(F, (¥),1) + 2 / (2 + b0, 9, )t + 2 / (Ayd, dyds
0

/
0

+
vyds = |vo|22 + |dolL2 + [Tol2 +2/ (Ro(A, W, D), )ds+2/ (B(d, d), v)ds
‘ ¢ 0 0
+2/0 (fa(s, o <s>>ds+2/ (fals, 0(s)), v(s)dW,) / [ fa5, 0| g s, ¥t € [0,T].
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And using the fact that (see [25])
(Ro(A, 0, W),0) = (By(v, W), ) = (By (v, ¥), A, ),
we have
Elod ) +2 | (s W+ﬂﬂ>W+¢M)hma—amnmww+2ﬁ?ﬁ@v<»v@»w .
H/Xﬁ@m>><mw /HhstMmeﬂs vt € 0,71,

If (v,d,¥) is a solution to (16) or (17), then B(v,v), Ro(A,¥,¥), B(d,d) € M% (0,T;V), p+ Bi(v,¥) €
MZ,(0,T; Hs), Agv + fi(t,v) € MZ(0,T; Vi), falt,v) € M2 (0,T; £L2(K, Hy)), and B(v,d) — B(d,v) + A1b €
M;-t (0,T;V5). Thus, with regards with the theorem 3.2 of [41], (v,d, ¥) is P-a.s. continuous with values in Y.
Therefore (33) holds.

Furthermore, we note that (16); follows due to fa(t,v) € M% (0,T; L*(K, Hy)) and v € L*(Q, L>(0,T; Hy)).

Proposition 3.2. There exists at most one variational solution to (16).

Proof. Let (vy,dy,¥1), (va,da, ¥s) be variational solutions to (16). Let (w,S,%¢,u) = (v1,dy, U1, p1) —
i
(v2,dg, Wa, pi2), i = p — (p) and E/ (f2(s,v1) = fa(s,v2), wdW;) = 0.
0

We have
AO'Ul + B(v1,v1) — Ro(A, Y1, W) — B(dy,dy) = fi(t,v1) + falt,v1)Wr,
t B(Ul,dl)—B(dl,Ul)-i-Aldl] =0
d
7+,LL1+Bl(”U1,\IJ )—0, (40)
= A+ (0),
(v1,b1, ¥1)(0) = (v1(0),61(0), ¥1(0)),
and
d .
% —+ A0U2 =+ B(Ug, 1}2) RO(AVLIJQ, \IIQ) - B(an d2) = fl(t,UQ) + f2(t7U2)Wt7
d(b
( t2) + [B(va,d2) — B(dg,v2) + A1da] = 0,

d
d7152 + po + Bi(v2, ¥a) = 0, (41)

- A’V\DQ + f’y(\IJQ)a
(v27b27\112)(0) = (UQ(O)abQ(O)v \IIQ(O»

Then (w, 8,1) is solution to the following system

dw + [Agw + B(w,v1) + B(va, w)|dt — [Ro(Ay, ¥1) + Ro(A, V2, v)]dt
—[B(B,d1) + B(dz, B)]dt = [f1(t,v1) = fi(t, v2)]dt + [fa(t, v1) — fo(t, v2)]dW,
dB + [B(w,dy) + B(ve, 8)]dt — [B(B,v1) + B(d2,w)]dt + A1 5dt = 0,

dv + pdt + [By(w, ¥1) + Bi(vg, 9)|dt =0,

p= Ay + [y (V1) — f,(P2),

(w, B,9)(0) = (w(0), 5(0), %(0)).

(42)
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Reasoning as in the proof of Proposition 3.1 and using Ité’s formula, we deduce that

t

WO +2 [ (el + (Bw,n) whds =2 [ (Ro(A,Va,6) + Ro(Ayb, W), w)ds
t 0 t 0

+2/ (B(B,dy),w) +(B(d2,6),w>ds+2/ (f1(s,v1) — f1(s,v2),w)ds (43)
P Ot

+ ; ||f2(37'U1)_f2(87v2)||%2(K;H1)d8+2/0 (fa(s,01) = fa(s,v2), wdW).

Taking the duality of (42), with 3, we have

t t t
||5||2+2/ <B(w,d1),ﬂ>ds—2/ (B(B,v1)+B(d2,w),ﬁ>ds+2/ (A18, B)ds = 0. (44)
0 0 0
Now we take the duality of (42)3 and (42)4 with A%, and A, respectively, we get
2 dtH,(/)HQ < aAV,(/J> + bl(v2awaA’yw) + bl(w7 \Ijla A"/w) = 07 (45)
and
<N7 A7¢> = |A7¢|2L2 + <fw(\IJ1) - fw(\PZ)a A“ﬂ/}>' (46)

Adding (45) and (46) gives

t t
[ / A2+ (£ (01) — o (Wa), Ayib)ds = —2 / by (v2 0, Ay)) + by (w0, Uy, Ay)ds.  (47)

Adding (44), (47) and (43) gives

WP + 1B + 901+ 2 [l + |4,uf3:)ds =2 [ (B3, dv).u)ds

¢ : 0 0
—2/0<B<w7v1> >ds+2/<Ro<A W, 1), ) + (Ro(Ayth, W), w) — by (w, U1, Ayth) — by (03, 0, Ay))ds
2 / Uy () — £ (Wa), Ayib)ds + 2 / (fr(5,00) — f1(5,02), wyds + / 1f2(5,01) — fal5,02)| 22 g, 5

t t t
+2/0 (Fa(5,00) — Fals, va), wdWs) /0 (w, dy), ds—|—2/0 (B(B,v1), 3 ds—2/ 18] 2ds.
(48)
We readily get
<R0(A’Y\11251/})7w> + <RO(A’Y’¢)7 \Ijl)7w> - bl(w7 \IjlaA’yw) - bl(UQJ/%A»ﬂ//) - bl(wvwaA’y\IIQ) + bl(wlellaA’y?/}) -
bl(w7 \Ijla Aw¢) - 51(027¢7 A’yd]) = bl(wa 1/’; A’Y\IJQ) - bl(“?a 1/1; A"/¢)
In view of all these equalities, we finally obtain
t
Iw(t)l2+||5(15)||2+|I¢(Tb‘)|\2+2/0 (lwl? + 118117 + |4y [Z211*)d =2/% (B,d1), w) + (B(B,v1), 8))ds
t t
—2/ (B(w,vl),w>ds+2/ (b1 (1,46, A, W) — by (v, 16, A 00))ds — 2
9, t t
—2/0 (f(¥1) —fy(\I’z),AdeSJr?/o (fi(s,01) = fi(s,va), whds + [ || fa(s,01) = fa(s, v2) |22k, 1,y A
t

0
+2/0 (Fa(5,00) — Fals,va), wd W),

B(w,dy), B)ds

c\

(49)
As in [25, 51, 58], it is worth recalling the following estimates:
Applying the Poincaré and Young’s inequalities, it comes that
[(B(w,v1),w)| < |lvill[w]Za < elfor]|[w]fz|lw]| < *lel(%llvl\llwlp)
<L (L) + L Cclionlinlza)? < Lol + lln 17 i
<5 | gllw 5 (2elfoalllw]za _8w cllv||?wliz,
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1 1/2 1/2
(BB, v1), )|+ |(B(B.dv),w)| + [(B(w,d1), B)] < ZIBIP + ellva 2183 + 2ella 11151812 w1 o /2

(51)

Note that

2| |du ]} |wl /2181521 8]] /2

1 1/2 1/2

S1BIY2 (4clla] ol 1ol /21814

2

1/1 1 1/2 1/2) 2

5 (3181042) + 5 (aelauliul 2l =15132)

1 1 ) (52)

§||5|| + §||w|| (16¢||dy||*|w]|2|B]L2)

1 1/1 1 ) 2

§||/3|| + 3 5”“’” + B (16¢||dy[|?|w] 2 |B]L2)

1 1
HBIZ + gllwl + elldu][Hw]72 |81

(BB, d1), w)| + [(B(w, dx), B)

IN

ININ NN

IN

Similarly, we have

[(Ro(Ay Wa, ), w)| = by (w, v, Ay W2)| < clw| ||l /2] | Al 127 A, Wol 1.
< ;Amzm<2c|w|2;/3||w||1/2|w|};?|Ayw|;/f>
<5 (514l ) + 5 (elul 2l 2wl 1,0l ) 53)
< %Aww%z + 5 lol] (k] | A4, 2)
< Sl + 14, B2 + clulZa 6 B 4,61,
[ (02) = £ (02, Ay < 1Al + QoW s, (ol 161, (54)
1 (025, Ay )] < 1Ayl + cluaf3a o P12 (55)
[(a(s,00) = s, 02, 0)] < Lalfwllfwlze < Slloll? + 23wl (56)
125, 0) = (s, 02) sy < LRluole, (57)
(415,8)| = 1181
Set
Va(t) = w(®)2a + 1B + (0],
Ki(t) = c(lvall®+ [ldal]® + [|W2|[P|Ay Va7 + [va|7:]|v2]?) + Qu(|W1 |, [Wa| 1), (58)

o(t) = exp (-2 /O Kl(s)ds>, do(t) = —2K, (1o () dt. (59)

From (50)-(59), in view of (49), we arrive at the following inequalities

a(t)dVa(t) + o (®)[[[w][* + |11 + [Ayp|7.]dt + Vo (t)do(t) < Va(t)(2¢L7 + L3)o(t)dt
+20(t)(fo(t, v1) — fa(t, v2), w)dWr.

Hence
t
S(OVa(t) + / o(s) ([[wl? + 1812 + |Ay[2.) ds

t t (61)
< o(o)y2(o)+(2cL§+Lg)/0 U(s)yg(s)ds—FZ/O o (8)(fa(s,01) — fo(s, va), wdIV).
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To the fact that 0 < o(¢) < 1 and the expectation of the stochastic integral in (61) vanishes, we deduce that
t
Eo(t)Ya(t) < (2¢L2 + L2)E / o(s)Va(s)ds, 0<t<T.
0

It comes from the Gronwall lemma that V2 (¢) = 0 P-a.s., for all ¢ € [0, T, which gives (vy,dy, ¥1) = (va,da, ¥2)
P-a.s., for all ¢ € [0, 7.
The following theorem proves the existence and uniqueness of a strong solution for problem (16) associated

to the stochastic Allen-Cahn-MHD system.

Theorem 3.1. We assume all the above mentioned and suppose that fi(-,0) € L*(2, L?(0,T, L*(0,T;V}))),
fz(', 0) € L4(Q, .[/2((),]-‘7 LQ(O,T; £2(K, Hl)))) , and (’U(), do, \I/()) S Lz(Q,]:(hP, Y) satisﬁes E[g(’l]md(), \I/())]Q <
00. Then, there exists a unique solution (v,d, V) € L*(Q,C(0,T;Y)) N LY(Q, L*(0,T;V)).

Moreover, the following estimate holds as follows:

T 2
E(Supl(v,d"lf)é)+E (/0 ||(vvd7‘11)|§/dt) < cE[&(vo, do, ¥o)]?

(0,7]

T 2 T 2
+cE (/O |f1(t70)|%/*{dt> +cE </0 ||f2(t,0)||i2(K’Hl)dt> , (62)
t

]E/0 (fa(s,v(s)),v(s)dWs) = 0.

Proof. The justification follows steps a like to those in [10, 15].
Step 1: Galerkin approximation.

We define the approximate problem (63) in the finite dimensional space V,,, of V, having a unique solution
Um = (Vm, dm, Upm) € Vy,, where V,,, =Y, = span{(wy, B1,91), ... (Wi, Bm,¥m)} is the Galerkin space, which
is made up of vectors {w;,i =1,2...}, {B;,i =1,2...}, {¢ys,4 = 1,2...} forming an orthonormal basis of V.

t
(0m (£), W) + / (At + B0y tm) — Ro(Ay W, Un) — Bldym, dyn), we)ds = (v, wy)
0
t m t
+ (o m) s+ 3 [l e was,

t
(s Be) + /0 (B(0ms ) — Bldyn ) + Avdom, Bi)ds = (do, B,

t
<\Ijm(t)7A’ka‘> +A </J‘m + Bl('Um, \I}m)vAW/)k>d5 = <‘I’0»¢k>»

Hm = A'y\IIm + f'y(\:[/m)v

1<k<m.
As it is the case with the proof of Theorem 1.2.1 of [10], we can get the existence and uniqueness of a solution
(U, dm, ¥m) € M%,(0,T;V,,) of (63) with continuous trajectories.

Step 2: Some estimates for the approximating sequence.

We have

5(Um,dm7‘1’m)+2/0 [lom ()11 + ||dm(8)||2+|Mm(8)|i2d8=5(vo,d07%)+2/0 (f1(s,0m(5)), v (s))ds

2 / (o5, 0m(5)), v ()W) + / 125, om () |Ba oy ds, vt € [0,7) "
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E(Om, dm, Vi) + 2 | ||vm(5)||2+||Clm($)||2+IMm(S)lszlS=5(vo,do,\l’o)+2/0 (f1(s,0m(5)), v (s))ds

m t t
+2j§:jl / (fo, vm)es om) B3 + / 125, om ()2 ds, ¥t € [0,7).

We also have
2 (85 0m )| Z2 i1y < Laloml 72 + el fa (s, O[22 .11, )

and

1 1
2(f1(8, vm), vm)| < 2L1|vm| L2 [[om]| + 2] f1(s,0) < llomll(4L1fomlz2) + 7 lloml[(4]] £1 (s, 0)[])

2 2
<3 (Gllonll) + 5 @Lalonlza)? + 5 (lonll) + 5 lLAG 0N
< Slloml® + L lomf2a + el 1 (s, O
Thus .
/ | f2(s ’Um)HL:Q(KHl ds—l—/ 12(f1(S,Um ), Vim )|ds </o (CL2+L2)|vm\deS
t
[ At Ol + [ Al 0l cds+ [ Sl
and then

t t t
/0 125, 0m) 22 g 0,15 + / 120£1(5, 0m), v s < / el 25,012 g,y 5
t t
+ [ ellis,0
0

2 ds + (cL? + L) / 0m2a + [d 25 + [ W] 22 + 2(F (), 1)ds.

Furthermore, we deduce from (65)-(69) that

t

v V)0 + [ (o (I + ()| + i (3)32) ds < Eun.do, B
Hetd + 1) [ B ) @ds+e [ [lfi0)
237 [t sy v (s)) a8

%/1* + Hf2(8v0)”2[,2(K;H1) ds

For all n > 1, we consider the F;-stopping time 7,7* given by:

T = min (T, inf {t € 0,T]; E(Vm, dm, Uim) (%) +/0 (v () + [|dum (8)|1* + |1t (5)[22)ds > nz}) .

With m fixed, the subsequence {7/*; n > 1} is increasing up to 7. From (70), we can write

sup [E(UM7dma\I/m)(s)]2 +c

s€[0,tAT™]

AT 2
/O (Il (1 4 [ ($)I* + lpm (5)[72) dS] < [E(vo, do, ¥o)]?
2

t
te / SUp € (Vs iy W) (r)]?ds + €
0 ref

0,sAT™]

T
/0 (17205, 0) 113 + 1125, )22 s, ds]

2

sup Z/ (o, vm(5)) 51 v (1)) A5

elo,tAT

(68)

(72)
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Using expectation and applying Doob’s inequality, we get

2
m

E swp |37 /Os<f2(7“,vm(8))6j,vm(T)>dﬂﬁ <E) / (ol vm())es, om(5)) s

s€[0,tAT] J=1

tAT

§0E< sup |Um(8)|2L2/ |fz(S,Um(S))H%Z(K;Hl)dS)
s€[0,tAT"] 0

2

AT
<-E sup [EWm,dm, VYm)(s)]? +CE/ [E(vm,dm,\llm)(s)]zderdE
0

1
2 rel0,tAT™]

AT
| e 00
(73)
It comes from (73) and (72) that

2

E( sup [5(Um,dm"1’m)(8)]2> +E / E (Ilom ()17 + lldm ($)II* + |Mm(8)|2L2)dS] < cE[€(vo, do, Vo))?
s€[0,T] 0

2

T T
4| [ 1A 0By ds| 4 | [ a5, 0)lxge s
0 0
T T 1
268 | [ 1A Ol ds| | [ 1250 ds| + 5B sup (80, Bn)(6)
0 ! 0 2 rel0,tAT™?]

2
tAT tAT
4B [ € )5+ cE | | ||f2<s,o>||%2(K;Hl>ds] -
0 0

However 7, T T when n tends to oco. Applying Gronwall’s lemma, we get
2

T
E( sup [5(vm,dm7‘1’m)(8)12> +E /0 (lom (I + ldm ()II* + um(S)liz)dS] < cE[€(vo, do, Wo)]?

s€[0,T]
T T 2
4B | [l 0gds| < | [ 100l ds
0
(75)
In addition, we have
|B(UMaUM)|V{‘ < clvm|2|[vmll,
|B(dm7dm)|Vl* < cldm|p2(ldmll,
B, dm)|vr < c|vm|r2|ldml]s
B, dm)lv; < vl ] -
|B(dm7vm) \Z9 g C|dm|L2||Um||a
|RO(A'y\I/m; \I/m) vy = |R1(\I/m7\1’m) \%% < C||\I’m|||A'y\I/m|L2a
| By (0 W) |22 < clom 2% [om | [/ [Won | [1/2] Ay 0 |12,
From (63)4, we can note that
A’y\pm = HUm — fv(\pm)a and |AW\I]m|L2 = |Mm - f’y(qlm)‘ < C|,U/m‘L2 + le'y(\llm)|L2~ (77)
Taking into account (8), we also write
5 (W) 2 < e(1+ ([ |[*) < e(1+ (E(vo, do, ©o))?). (78)
It comes from (75)-(78) that
T
B sup (€0 s W) < C E [ [[0m(5): i (5), Un(s)] s < C.
s€[0,T] 0 (79)

T T
E/ | AW (s)|2ds < C, E sup |fy(¥rm)|r2 < C, ]E/ |B(vpm, dim)
0 t€[0,T) 0

2
V;ds <C,



16

T
E [ 1B om)lE; + [Ro(Ay W W) + B W3] ds < C.
0

T
B [ (1Bl dn) B+ Bl vn)3; ] ds C. B sup [Emdn T < C. (50)
0 ) s€[0,T]

E <C.

T
/0 (0 () dn(5), o ()] 2

Step 3: Taking the limit. Taking into account (79) and (80), we can find a subsequence still denoted
{(Vm, dm, Upm)} such as

Uy Ay Ur) = (v,d, ¥) € M3 (0,T,V),

0m(0), dm(0), Un (0)) = (&1,€2,€3) € L, Fo, P, Y)
B(m, vm) = B4 € MZ(0,T, V),

B(dm,dm) = 85 € M7,(0,T,Vy),

Ro(A W, W) — v € M% (0,7, Vy),

Bi(Um, ¥,) = BY € MZ (0,T, Hs), (81)
B(Um, dm) — 85 € M%(0,T,V5),

B(d,vm) = B3 € M%,(0,T,Vy),

(t,vm) = hi € M%,(0,T,Vy),

fa(t,vm) = B € M% (0,7, £2(K, Hy)),

Sy (W) = f e M% (0,T, L2(K, Hs)).

As in [41], we can check that (v,d,¥) € L*(Q,C(0,T;Y)) and verifies for all 0 < ¢ < T,

v(t) + /onds—I—/ﬁo s—u0+/ﬁ2 ds+/t(r0()+hb( ds+/hb 147

/B3 ds+/ Av(d)ds = by,

() + / bds+/ﬁl )ds = W,

pb =AU + fo.

(
(

~
=

We now show that

By =DB(v,v), 1§=Re(A,¥,V), BY=DBi(v,¥), BS=B(dd), B5=DB(v,d), B}=DB(dv),f =/fT).

Set (Omy Ay Vo) = 11, (v, d, V),

where [[,, = (H:n, an, an) is the orthogonal projection of Y onto Y,,. It comes that

HV < C||(U7d,\11)||v, (83)
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From (63) and (82), we deduce that

(O () — vy (E), wi) +/0 (Ao (T, — V), Wi )ds +/0 <58 — BV, ), wi)ds — /0 <ﬂ;’ — B(dpm, dp), wi)ds

t m t
= [0 = Ro(A, W Wi+ [0 = fis,om)wndds + Y [ (hbes = fals,vm)es. wid
0 0 =Jo

oo t
+ Z / (h3(s)ej, wr)dB,
j=m+1 0

(dn(t) — dn (1), i) + / (B2 — Blvm, d), Bu)ds — / (B2 = B(dm, vm), Br)ds
t 0 0
+ / (Ay(d — don), Bi)ds = 0,
(Do () — o (1), Ayiin) + / (i — iy A i) ds + / (B° — Bi(vmy W), A by} ds = 0,
B 0 0
(i — s Aqtog) = (A (B (8) = W (8)), Ay + (0 — fo (W), Ayiiy), 1<k <.

(84)
Note that
B8 = B(0m, vm) = B = B(m: Um) + B(Um — Vms Im) + B(Vm, Tm — Um),
BY — B(dp, dm) = 85 — Bldy, dm) + B(dy — du, ) + B(dm, di, — din),
— Ro(A, ¥, ) = 18 — Ro(A, W0, W) + Ro(Ay (U, — 0,,), 9,,,) + Ro(A, 0, 0, 0,,,),
BY — B1(vm, W) = B} — B1(m, W) + Bi(0m vm,\Il )+ By (0, U — V), (85)

.
Bg_B(Umvdm) 255— (Uma ) B( — U, d )+B(Umadm_dm)7
BifB(dmavm):@ll)* B( m,UM) B( — dpy Om) + B(dm, Om — V),

Fr = (W) = £ = £ () + fo (W) = £ (W),

Set em:ﬂm_vmv pm:‘i/m_\prru am:dm_dm-

From the It6 formula, we have
dOm,wi)?> = 2(Om, wi)d{Om, wi) —I—Z (hhej — fit,vm)e;, wy)] dt+ Z (hhej, wy)] 2 dt.

Jj=1 j=m-+1

Thus

t

|0, ()32 + 2/0 (|10 (O] + (BS — B(vym, v ), Om))ds = 2/ (ry — Ro(A,9,,,9,,), 0,)ds
+2/ (BS—B(dm7dm),9m>ds+2/< — f1(8,vm), ds—l—QZ/ (faej — fa(s,vm)ej, 0m) dpl (86)

+2 Z / (h5(s)es, Om dﬂj+2/ TL} (fae; — fa(s,vm)e;)|3ads + Z /|H1 sej|32ds.

Jj=m+1 j=m+1

Now, we take the duality of (84)s with a,, and we obtain

d

%HamHg + 2<6§ - B(Umadm)7 am> - 2<ﬁ2 - B(dm; 'Um)7am> + 2<A1dm7 am) = 0. (87)
Changing v, in (84)3 by pm,, we have

d L 5
%||pm||2 + 2|A’Ypm 22 + 2<5% - Bl(vm, l:[1771)7 A’Ypm> + 2<B1(9m7 \Ilm)a A'ypm>
+2(B1(vm; pm), me) <fb f“/( m)s “/pm> = 0.
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We also have the inequalities below:

<68 — B(vim, vm), O0m) = <58 = B(0m, 0m), Om) + (B(Om, ), Om)

b P 1 2 = 1219 12 (89)
< <5O_B(Umavm)a9m>+1||0m|| + [ |Om]| |0m|L2’

and
ﬁg - B(dmadm) = ﬁg - B(Jm,d ) + B(sz - dmadm) + B(dm,dm - dm)a

<5g = B(dm,dm),0m) = <62 (dm7 sz)vem> + (B(am, sz) + B(dm, atm), Om) (90)
~ 1
< (B5 — B(dm,dm),0m) + leamllz + clldin[*10mF 2 + Z”deQ + clleun|?10m]3 2,

<B(1) - Bl(vv‘m \I’m)vA'ypm> = <B% - Bl(f}'rru \i/m)aA'ypm> + <Bl(9m7 \iJm)a A’ypm> + <Bl(vmapm)aA'ypm>
T 1 —
< <ﬂ11) - Bl(vm»\I’m)vAwpm> + Z(HamHQ + |Awpm|%2) + c||\IJm||2|A7\IJm|%2|9m|%2 + C‘Um|2L2||UmH2||pm||2v

(91)
</B§ (Unu m) a77l> = <ﬁ§ - B(f}ina dTﬂ)? am> + <B(0ma &77L)7 am> + <B(U7n7 am)7 aTTL> (92)
< (B = B(Bm, dm), aim) + 7/10ml1? + ol |dm[*|cm 3.2,
- . Um ), Q. Qs U ), Q
(B8 = B(dum, vm); am) = (85 = B(dm, Om), atm) + (Blam, m) m) + (B(dm; Om), 0m) (93)

<64 B(d m7vm) am>+Z||am”2+c||ﬁm”2|am|2 *||d H2+0H9m|‘ |O‘m|L2v

<T8 - RO(A'y\Pm, \Ilm)7 0m> = <7’8 - RO(A'y\i/ma \i/m)v 9m> + <RO(A»me, \ilm)a 9m> + <RO(A'7\I/m7 Pm), 0m>

~ ~ 1
< <7“8 - RO(A“/\IIWM \I/m)vem> + Z(HGmHQ + |Avpm|2L2) + C|A7\I/m|%2(‘9m|%2 + HPmH2) (94)
+l [V |2 Ay U 321072

<fb fv( m)s 7Pm> <fb fv( m)s 7Pm> <f7(‘i/) fv( m)s 7Pm>
<(fP = £ (W), Ay pm) + glAwpmle+Q1(I|‘Ifm||,||‘I’m||)|lpm||2»

Z L, (h3e; — fa(s,vm)e)|Te < |Ih5 — fols, vm)l|Z2 k.11

S f2(s,v) = f2(3avm)”2£2(K,Hl) +2(h3 — fa(s,0m), h3 — fa(s,vm)) — || fa(s,v) — fQ(SaUm)‘|%2(K,H1)

S 2L2|'U - ﬁm|%2 + 2L2|Um - 6m|%2 + 2<hl2) - fQ(SaU"L)? h’g - fQ(S,Um)> - HfQ(S,U) - f2(s7vm)||2ﬁ2(K,H1)’

- 1
(fi(s,0m) = fi(s,0m), Om) < LalOml2||0m]] < Z110m]* + LT[0l 72 (97)

Set

Z(t) = 18m(8)] 72 + llam 1 + lom O = [(Fm = vm) (072 + [[(dm — d) O + (T = C) (O],
Yi(t) = el|Tmll* + elldmll* + el || Ay U2z + clTm 2l [Tmll* + el Ay Wi 72

el [ 1Ay U 22 + Qo[ 1] ) + €Lt + L3,

Ks(t) = [|0ml[* + [laml[* + [Aypm] 75

t) = exp (— /Ot Yl(s)ds> .

Let
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Using (86)-(97), it comes from Ité’s formula that

o()Z(t) + / o(5) K (s)ds + / o()[11S = fo(5,0)] Bagem,) < € / 0 (5)(—B8 + B, Trm), O

t

+¢ | o(s)(B5 — B(dm,dp), 0 )ds + c/o o (8)(=B° 4 B1(m, Un), Aypm)ds
(s)(

0

t t
—|—c/ o(s —Bg—i—B(ﬁm,dm),am}ds—l—c/ o(s )(64 B(d m7vm) Qo )ds
Ot 0 t
+c/ o () (1 — Ro(A Ty, ). 6 )ds+c/ () RE = Fo(s, ), On)ds
0 (98)
—|—2L2/ o(s)|v(s) — U (s |L2ds—|— Z / s)|[IL f23J|L2ds
j=m+1
t t
42 [ o)1 — fals,vm)ohh — fals,0)ds +2 3 | o) s)e; = fals,vm)es, 0
0 =170
+ Z / s)e;, 0 >dﬁ]
Jj=m+1
For all n > 1, we consider the F;-stopping time 7,, given by:
t
T, = min <T, inf {t €[0,77; |(v,d, V)3 +/ (v, d,¥)|[Zds > n2}> . (99)
0
We deduce from (98) that
Bo(r)2(m) + B [ o(o)Ka(s)ds +E [ a(s)|85 ~ s, )2 s
0 0
[ T T
< Z E a(s)\f26j|2L2ds—|—2L§E/ a(s)|v(s) — Om(s |L2ds—|—21E/ o B(dum, Om), 0t )dss
j=m+1 70 0 0
+2E/ () (=B84 B0, Om) + B — f1(8,9m) + 1§ — Ro(Ay W, U,,) + B4 — B(dm, dn), Om)ds
0
Tn ~ t
+2E/ a(s)(—ﬁi’+B1(f)m,\11m),A7pm)ds+2E/ () (=5 + B(0m, dm), ) ds
0, 0
428 [ 0(5) 18  fols.0m). 1~ fals, vm)ds.
0
(100)

Claim 1. The right side of (100) goes to 0 as m goes to +o0o.

(i). Firstly, we note that

T
lim (j ;ﬂ / |fze]|L2ds+E/0 o(s)|v(s) — B (s )des) =0. (101)

Furthermore, since
folt,vm) = h5(t) in Mz (0,T,L%(K, Hy)),
and
Lo,r 10 (8)(R3(t) — fa(t,v)) € MZ,(0, T, £2(K, Hy)),
we deduce that

lim E/Tn o (5)(hS — fa(s, Bm), O )dls = 0. (102)
0

m—o0

(ii). Let us now show that

m—r o0

lim ]E/m (5) (=38 + BB, B, O )l = 0. (103)
0
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Note that
Vs Ay Ui ) — (v, d, ¥), /Dmajmaijm — (v,d,¥),
(s W) = (0,0, ), )= (0d ) o
(Oms Ay Uin) = (U, A, ) = (0,0,0) in M3z (0,T,V).
We also have
lim E/ o(8)(=B8 + B(0m, ), Om)ds = lim IE/ o(s)(=B5 + B(v,v),0,,)ds
m—0o0 0 . m—00 0 (105)
+ lim IE/ () (= B(0,0) + B(im, i), O} ds.
m—r oo 0
Due to the fact that 1y ;10 (t)(=8f + B(v,v)) € Mz, (0,T,V;") in view of (104) and (105), we get
lim ]E/ " o(s) (=8 + B(o, ), 0,)ds = 0. (106)
m—r o0 0
We also write that
| = B(v,0) + BB, 0m)lvi < el = 0157 [m = ol [2([5m] [ 25m 1 + [0l 2]0] 157),
which leads to
110,71 (=B(v,v) + B(0m, Um))| vy =0 as m—oo, dtxdP-—a.e.,
0,7, (=B (v, 0) + B0, Um))llvy < enlvl| € MZ, (0, T, R).
Therefore, we have
lim IE/ o (5)(—B(v,0) + Bty ), Opn)ds = 0. (107)
m oo 0
From (106) and (107), we finally get
lim ]E/ o(8)(=B8 + B(0m, ), Om)ds = 0, (108)
m—r o0 0
which proves (103).
We now prove that
lim IE/ o(s)(rh — Ro(A V0, U,), 0, )ds = 0. (109)
m oo 0
We have
lim IE/ " o(s)(rt — Ro(Ay Wy, U1n), 0)ds = lim E/ "o (s)(rh — Ro(A, W, 1), 0,,)ds
m—oo 0 . } } m—00 0 (110)
+ lim IE/ o(s)(Ro(A, 0, ¥) — Ry(A, ¥, V., 0,y )ds.
m—o0 0
Since 1jg -, 10 (t)(r§ — Ro(A, ¥, ¥)) € M% (0,T,Vy), it follows from (104) and (110) that
lim IE/ o(s)(r — Ro(A, ¥, ), 0,,)ds = 0. (111)
m— oo 0

In addition

1Ro(Ay ¥y, W) — Ro(Ay 0, )|y = [|[Ry (Ui, U) — R (T, )]y
= 1/21 5 1/2 = = 1/2 = 1/21 %
< | Ay (B — W) T — 2|92 AL 0[50 4 [T — W) Y2 AL (B — 0|62 A T [15 [0 /2,

which implies that

[l [O,Tn](RO(A'y\i/ma ) — Ro(A Y, U))[lys =0 as m— o0, dtxdP—a.e.,
10,7} (Ro(Ay Wrn, Ury) — Ro(A, W, 0))|yyr < en|A U2 in M%(0,T,R).
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It comes that

lim E/ o(s)(Ro(A, Ty, U,) — Ro(A, W, 0),6,,)ds = 0. (112)
m oo 0
We can conclude from (111) and (112) that
lim IE/ o(s)(rh — Ro(Ay ¥, U,), 0,)ds = 0, (113)
m—r o0 0

which proves (109).

. The same methods used in (105) and (107), allow to get

lim E/T" (5) (8% = B(dym, ), Om)ds = lim ]E/Tna(s)wng(d,d),Hm)ds
0 0

m—r 00 m— 00
+ lim IE/ o(s)(B(d,d) — B(dm, dym),0m)ds =0,
m—0o0 0

lim ]E/Tna(s)(—B§+B(6m,dm),am>ds: lim ]E/Tna(s)(—B§+B(v,d),am>ds
0 0

m—r oo m—r oo

+ Tim E/ " () (—B(v, d) + B, dyn), a)ds = 0,
0

m—o0

lim E/ (5)(8° = B(dym, 5m), am)ds = lim ]E/’ o(5)(88 = B(d, v), am)ds

+ lim E/ () (B(d, v) — Bldon, 1), m)ds = 0,

m—ro0 0

and

m— o0 m—r oo

lim E/ na(s)(—ﬁi’—l—Bl(f)m,\iJm),Aﬂ,pm)ds: lim ]E/ na(s)(—ﬂf+Bl(v,\I'),Aq,pm>ds
0 0

+ lim E/ o(s)(=B1(v, V) + By (9m, Up), Ayprm)ds = 0.
0

m—r o0

. We must now prove that

lim E /O " () (B (S) — Fu(5,50m), B}l = 0.

m—r oo

Using (104) and the fact that

Lo, 100 (RY(t) = fi(t,v)) € M%,(0,T, V) and

Lio,r o () (f1(t,v) = f1(t,0m)) = 0 in M;-t (0, 7,V)*) as m — oo,
we deduce that

lim ]E/OTn o (s)(h%(s) — fi1(5,v),0,)ds = 0,

m—o0

iy (114)
liin E/ o(s)(f1(s,v) — f1(s,Um), Om)ds = 0.
m o0 0
Furthermore, we deduce that
lim IE/ a(s)(h8(s) — fi(s,0m),0m)ds = lim E/ a(s)(hb(s) = fi(s,v),0m)ds
m—00 o . m—0o0 0 (115)
+ li_r>n E/ a(8){(f1(s,v) — f1(s,0m), Om)ds = 0.
m oo 0
Finally we can conclude from (i)-(v) that the right side of (100) goes to 0 as m goes to +oo.
Now using the fact that 1jo ;)0 (t) < 1, we deduce from (100) that
: 2 _ g IR _ 2\ _
it B O B ) () =l B (s oy B (72) = (s s W) (7)) =0,
. T ) 2 2 2
Jim B[ Ka(e)s = i B [ (1007 ] 4+ 14,0 ) -

~ lim ]E/ (1~ vl i — o P 1A (B — W) 3 ) ds = 0,
0

m—r o0

EA th_f2(s7v)||2£2(K’Hl)dS:0.



Claim 2. The following hold true.

fo(t,v) =Ry in M3 (0,T, L*(K, Hy)),
B(v,v) = g% in M%-t (0,7,Vy),
B(d,d) = p% in MJQ’-} (0, T,V}%),
Ro(Ay W, W) =r§ in MZ,(0,T,V7),
B(v,d) = 8% in MJ2-} (0, 7,Vy),
B(d,v) = 8% in M;-t (0,7,V5),
Bi(v,¥) =3 in M%,(0,T, Hs),
fi(t,v) =he(t) in MJZ_-t (0,7, Vi),
Sy(@)=f" in M%(0,T, Hs).
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(117)

To prove (117)1, we can note that from (116)3 and the fact that the sequence {7,; n > 1} is increasing to T,

we can deduce that

By = falt,v) in MZ(0,T, C3(K, Hy)).

This proves (117);.

To prove (117)2, we proceed as follows. From (116)s and (83), we also write

(Vi s Ui lj0,70) = (0, d, ®) |07 in M3, (0,7, V).

Furthermore, for all w € M%(0,T, V1), we have

Tn

1/2

(118)

E/O (B(v,v) = B(vm, vm), w)ds < cl|wl[as 0,0,11) X E/O 1o = ol [Y2 om — o] 2 ([0]] + [[oml)ds,

which gives

lim E/ n(B(fU,v) — B(vpm, v ), w)ds = 0.

Focusing (81)3 and (119), we deduce that
m—0o0
Since 7, 1T and M$(0,T, V1) is dense in Mf—_t (0,T,V1), we can conclude that
B('U, 'U) = 68 in M.?:t (01 T, Vl*)v

this proves (117),.

Using the same methods as in (117)2, (81)3 and (119), we also prove
B(d,d) =% in M7 (0,T,Vy),

this proves (117)s.

To prove (117)4, we can note that
E /0 (Ro(Ay 0, %) = Ro(Ay Wy, W), w)ds < el [w]| sz (0.7,14) %
E/OTWV(||‘I’||1/2|A7(‘I’m = O)[2A U [ W = 2|4 (T — )
which gives

m— 00

lim E/ " (Ro(A, 0, W) — Ro(A, Uy, U,0), w)ds = 0.
0

lim E/ (B(v,v) — g, wyds =0, Yw e MF(0,T,V4).
0

1/2
L2

|A’Y\I]m|L2)dsa

(119)
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From (81)4 and (3), we deduce that
E/ (Ro(A, U, W) — rd,wyds =0, Ywe MF(0,T,V4),
0

which gives

Ro(A,W,9) =+ in  MZ(0,T,Vy),

and (117)4 is proved.

Using the same technique, one easily proves the other equalities in (117). We derive from Claims 1 and 2
that (v,d, ¥) is the solution to (16).

All in all, let’s note that the estimate (62) is a derivation as in (75) that uses the stopping time given by
(71). This concludes the proof of Theorem 3.1.
The following Proposition is a proof that the Galerkin solution (v, dy,, ¥,,) converges to the unique solution

(v,d, U) of problem (16).
Proposition 3.3. Let (U, dm, Uy, the solution of (63) and (v,d, V) the unique solution of (16). We get

im E|(vm, dm, U) — (v,d, )2 =0, Vte[0,T],

m—r oo

lim E|(vm, dm, Uon)(s) — (v,d, ¥)(s)|3 =0, Vte0,T).

m— o0

To justify the results obtained above, we recall the following lemma that will be applied.

Lemma 3.1. [9, 15/ Consider {Q.,; m > 1} C MJ?% (0, T,R) as a sequence of continuous real processes, and
{Tn;n > 1} as a sequence of Fy-stopping times verifying 7, 1 T; sup E|Q..(T)|*> < 0o, and lim E|Q,.(7,)| = 0,
m>1 m— 00
for allm > 1. Then lim E|Q.,(T)|=0.
m—0o0

Proof of Proposition 3.3.

Considering the lemma 3.1 and applying it to Qn,(t) = |(v,d, ¥) — (v, dm, Y1) |3, 0 = T, and focusing on
(62), (75), (116); and the uniqueness of (v,d, ¥), we do deduce that the set of sequences highlighted by (63)
verifies

lim E|(v,d, V) — (Vym,dm, V)3 =0, Vte[0,T]. (120)

m—00
t
In the same vein, using the lemma 3.1 for Q,,(¢t) = / (v, d, ©)(8) = (U, dmy ¥rn)(5)||3ds and taking into ac-

0
count (62), (116)a, it is deduced that the sequence (v, di, ¥y,) tends strongly towards (v, d, ¥) in Mz, (0,T,V)
, 1.e.,

lim ]E/O (0, d, T)(5) — (v, dyns U )(5)[[2ds = 0, ¥t € [0, T, (121)

m—r o0

This achieves the proof of Proposition 3.3.

4 Regularity of the solution for the stochastic 2D AC-MHD model

Here, we prove a regularity result of the unique probabilistic strong solution of the stochastic 2D Allen-Cahn-

Magnetohydrodynamics model in a higher space. For this, we need the following assumptions on f; and fs.
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Assumption 2. Suppose that Vf; : Q x (0,7) x Hy — Vi*, Vfa : Q x (0,T) x H — L%(R; Hy),

where V f1, V fo are measurable functions that respect the Lipschitz conditions, for all vy, vs € V7.

[[Vfi(t,v1) = V fi(t,v2)|lvs < L1|Vor — V|,
Vfi(t,0) € M2 (0,T; Vy),
[V fa(t,v1) = V fa(t, v2)|| 22(r; 1)) < Lo|Vor — Va|re,
Vfa(t,0) € Mjg_-t(O,T; L%(R; Hy))).

(122)

In the following theorem, we prove the regularity of strong solutions to the stochastic Allen-Cahn-Magnetohydrodynamic

model in a higher space.

Theorem 4.1. Assume that Assumption 1 - Assumption 2 hold and (vo,dy, Vo) € L*(Q, Fo,P; V) such
that E[E (v, do, ¥o)]? < +00. Then, the unique strong solution (v,d, W) of problem (16) satisfies the following
reqularity

(v,d, W) € L*(Q,C(0,T;V)) N L*(Q, (0, T; G/2(V)))

For all T > 0,3 N, the following estimate is true:
T
]E[SOHII}](IIUH2 +d? +[AV[F2 +[|ul]?) + E / (|AvZ2 + [Ad|Z2 + [We[Z2 + |ulz:)dt
: 0

T
< ce®VE ([Juoll? + |Idol1? + |A%o[2: + [0f2:) + E ( / IIVfl(t,O)II%;dt> (123)

T
+cE (/0 ||Vf2(tﬂo)|2[,2(R;H1)dt> .

Proof : By applying the It6 formula to the first equation of the system (16), we have

¢ ¢ ¢
|Vol2, —|—2/O |Av|2,ds = [Vuol2. —2/0 (B(v,v),Av)ds+2/0 (B(d,d), Av)ds

t t t t
+2/ (Ro(p, @),Av)ds—l—2/ <Vf1(s,v),Vv>ds+2/ (Vfa(s,v), Vo)dWy —|—/ HVfg(s,O)HQLz(R;Hl)ds.
0 0 0 0
(124)
Thereafter, we carry out the scalar product with Ad on the second equation of the system (16), and integrate

the resulting equality from 0 to ¢ get
t t t
|Vd|3, +2/ |Ad|72ds = |Vdol|3. — 2/ <B(d,v),Ad>ds+2/ (B(v,d), Ad)ds. (125)
0 0 0

Similarly, multiplying (16)s by 2¥; — 2, after some calculation, we get

<\Ijt + p, 20 — 2:U'> + 2<Bl (”U, \Il)a Wy — /L> =0, (126)
which leads to
200y, W) — 20V, p) + 2(p, W) — 2(p, 1) + 2(B1(v, ¥), ¥y — p) = 0. (127)
Then
209472 + 2lul7e +2(Bi(v, V), ¥y — p) = 4|ul7a. (128)

Applying the scalar product with 2AW, in the fourth equation of (16), we have

2V, VU,) = (AT, 2AW,) + 2(f,(T), AT,). (129)



It is clear that
—2(Vu, VU;) = (=AU + 4T, 2AT,) — 2(]04(\IJ)V\IJ7 VU,).

Thus
d
2(Vu, VU,) + 29(¥, AT,) — &mqf@ =2(f1(V)VE, V).

Differentiating (16)4 with respect to time, we get
pe =AW, + ff/(\Il)\Ilt
After some algebra, we take the scalar product in (132) by 2u to have
(hes 20) = 2(=AWy + YWy, 1) + 2(f5, (V) Uy, ).
We derive that

dlplzs _
dt

Adding (131) and (134), we have

2V, V) 4 29( Wy, ) + 2(f () Wy, ).

d
a(lul%z AL = 2]AV[T. + %[ 0[12) = 2(f5 (V)VE, V) + 2 (V) Ve, 1),

since
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(130)

(131)

(132)

(133)

(134)

(135)

\‘I’ILz

(136)

Adding the results of the equality (124), (125), (135), and integrating (128) and (131) from 0 to ¢ , we have

t
[VolZ. + A2, + |VdIZ: + |ulz. + 2/ (1A0[Z2 + [plZs +[Ad|Ts + [e]72)ds = [Vvoliz + [AWolZ
0

t

t
+H[Vdo| 72 + [lol|* = 7?19 [72 + 2/ AV[T2 + 4|uf7. / (B(v,v), Av>d8+2/ (Ro(u, W), Av)ds

t

+2/0t<Vf1(s v), Vv)ds+2/

—2/0 (fL(w )V\I/,V\I/S>ds+2/0 <fw(\ll)\I/s,u>ds+2/o< (d, ),Av>d3+2/0< (v,d), Ad)ds

—2/0 (B(d,v), Ad)ds

As in [28, 40], we recall the following estimates:

1
[(B(v,v), Av)| < [o]0a|Volpa| Avfpz < o] AvlTa + clof7a o]
1
< glAvlge +coffalP(Il* + NIl + [AV[L. + |uf7s),
1
(B(d,d), Av)| - < |d]1a|Vd|a| Az < S]AvIT, + cldffs |d]|*
1
< glAvlge + eldalldlP(Ioll* + Nldl* + [APIL. + |ufZs),

1
|<B(d v) = B(v,d),Ad)| < *IAdI +cld[Za ol + g1Adl7. + clofa|ld]*
IAdILz c(ldlZal[v[1* + [olZ=lld) (1]1? + [d]? + |AY [T, + [ulZ),

[(B1(v, ¥), ¥y — )

IN

|U|L4|V\I/|L4|(bt — /L|L2

IN

1 1
ZWt\L? + §\AM\2L2 + clo|7||v]?
W[l + [|d]]* + [AW]Z, + |ul32),

+

t
(Vfa(s,v), VO)dWs + [ ||V fa(s U)H@(RH ds — / (B1(v, ), U, — u)ds
0

(137)

(138)

(139)

(140)

(141)



[(Bo(p, W), Av)[ - < [Av[2[ VO pa|pf s

1
< glAvlLe +elllull® + NPl + [dl]* + AR + [ul7.),
(AWVE, V)] = [(FE)(VE)? + [ (AT, Ty)]
= [(f"()(VE)? + (f'(¥ )—Of vay) AW, Wy)|
1
< I‘Ptle+C\‘1’|Lz|\‘1’ll4+*|A‘P\Lz+|< ey AW, Uy)|
< *l‘I’tle + | W7o + (||v\|2 P + A2 + |ul72),
||Vf2(5,v)||252(R;H1) < 2CL%|VU|2L2 +C|‘vf2(570)||%2(R;H1)
< 2eL3([[oll* + [1dl? + [A[Z2 + [ulF2) + eIV fa(s, 022y

(Vfi(s,v), Vv)

IN

Lal[oll|Av] + ¢[[V f1(s, 0)]]v; [Av]
1
71A0[Ls + cL3[[o]| + €[V f1(s, 0)][5;

IN

IA

(W) — ™ v e, )|

()W ] + o vy, )

(W2 = 1), )]+ 0 v | Wil el

3]U% — 12| We|roe + 21| r2l|pl|r2 + o™ wey|We| o ||pl] 2
§Wlca -+ el + [l + A2, +[1f2.).

()W, )| =

ININ IA

IN

From the Theorem 3.1, we can define a stopping time 75 by

718000z 4+ eLi([[oll* +[1d]* + [AV[L: +[plT2) + IV fi(s, 0)I[F;
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(142)

(143)

(144)

(145)

(146)

t
v =inf {t <T; / (P[0l + [dP[1dl* + [d*[[o]|* + [ ldll* + [|nl|* + 2] @[|* + LT + L3 + 2)ds > N}-
0

Let

K(t) = c(jolPllvl® + dl?|ldll* + [d?|[v]|* + [o?[ld]|* + [ll* + 2[[@* + LT + L3 + 2),
Y (&) = [[ol[* + [ldI* + [A¥[Z, + |ulZ.,

o(t) —exp( /K ds)

In view of (137) and from (138)-(148), we have the following inequalities

1 1
o(t)dY (t) + Y (t)do(t) + 20(t)(|Av[F2 + [ul72 + |Ad|Z. + \‘1’t|2L2)dt < 20(1)[|Av[7. + glAvIL

#1802 + e[V Al O + V(s Olran + § |3 + ol 2||W||4+§|%|%2

5 1AuLZa + clofZaloll? + S22 + 5lAv, 3|Ad|m]dt+2o<t><sz<t,v>7w>th.
Consequently

Ao ()Y (1)) + (1) (A0l + lula + A3 +0iJ3.)de < 20 (05 1AuE + w2 |1

ol o2 + 11V Falt, OB, Jdt + 200 ()IV £, O[3 + 20V folt, ), o)W,

Thus

tATN
o(H)Y(t) + () (| AvlZ + |ul7e + [Ad|Z + [We[72)ds < o(0)Y (0)
0

v2e [ o) [I9A6.0)

tATN
%/1* + va2(570)”2£2(]R,H1):| ds + 2/ O'(t)<Vf2(S, U)? VU>dW
0

(147)

(148)

(149)

(150)

(151)
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Applying the expectation and the Burkholder-Davis-Gundy inequality, we get

tATN tATN
E/ o(t)(V fa(s,v), Vu)dW, < cE  sup \Vv|%2/ HVfg(s,O)H%Q(R;HI)dS
0 0

s€[0,tATN]

IANTN
<cL3E sup |Vo]2.+cE  sup / ||Vf2(s,0)||2£2(R;Hl)ds
0

SE[0,tATN] s€[0,tATN]
tATN
<cLiE sup Y(s)+cE sup / [IV fa(s, 0)H2£2(1R;H1)d5-
SE0,tATN] s€[0,tATN] SO

Ultimately

tATN
E sup o(s)Y(s)+ ]E/ () (1002 + |12 + |Ad22 + [Wi[22)ds < Eo(0)Y (0)
0

s€[0,tATN] (152)
tIANTN
28 [ a(s) [IVAG Ol + V25,0l e
0
Let N be a large quantity and 7" be a fixed time. Using the definition of 7y, we get T A7y =T
T
E sup Y(s) +]E/ [1A02, + [Ad2s + 0,2 + [u2a] ds < c®EY (0)
s€[0,T] 0 (153)

T
268 [ IV 0+ 9ol 0] .
This achieves the proof of Theorem 4.1.

Remark 4.1. Theorem 3.1 justified that (v,d, V) € L*(Q,C(0,T;Y)) N L*(£, (0,T;V)), and
p € L*(9,(0,T; D(BY/?))).

In this paper, we have the following regularity
(v,d, ¥) € L*(Q,0(0,T;V)) N L3, (0, T; BY*(V)),
and p € L2(,C(0,T; Hy)) N L3, (0,T; D(B))), ¥, € L?(Q,(0,T; Hy)).

Remark 4.2. From Theorem 4.1, we admit that the solution (v,d, V) of system (2) belongs to C([0, T],V)
for the initial value (vo,do,¥o) € V and from [53], we deduce that there exists a unique weak solution in
C(0,T;Y) N L2(0,T;V) for the initial value (vo,dy, ¥g) € Y, (v,d, ¥) € V.

Due the fact that the solution is unique and V C Y is compact, we conclude that for the initial value
(vo,do, ¥o) €Y, (v,d, V) € V. This is because the standard Kryloff-Bogoliubov procedure yields the existence of

an invariant measure on Y, loaded on V.
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