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ABSTRACT: In our ongoing review write-up, 

entrenched a common fixed point theorem for 

generalized contraction with I-scheme in Hilbert 

space by using rational expression type condition. 

Our evaluation is conception of prior set out come 

with rectifying existence and uniqueness of fixed 

point theory . We have taken advantages of preceding 

known authors done work as well as Ishikawa 

scheme for getting more significant result.  
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1. INTRODUCTION AND PRELIMINA 

The supposition of generalized contraction mapping 

was put forwarded by Ciric [1] and elaborated many 

ideas for it. Further Das and Gupta [2] implemented 

it in reflexive Banach space. Naimpally and Singh [6] 

extended the results of Rhoades [11,12] then Sayyed 

and Badshah [14] forwarded the result of Naimpally 

and Singh  by using contraction condition.  

 

Definition 1.1. A vector space furnished with metric 

space as well as inner product  space with associated 

norm is known as Hilbert space that is every Cauchy 

sequence in Hilbert space has a limit in Hilbert space  

 

 Definition 1.2 . A Hilbert space is a complete inner 

product space. 

 

Note1.1. In a Hilbert space  limit of a Cauchy 

sequence is unique. 

Note 1.2. Hilbert space is a vector space . 

 

 We pursuance the results and the iteration 

scheme called I- Scheme of Sayyed and Badshah 

[13,14,15,16] and authors namely Imdad and Ali [3] , 

Yadav et,al [18], Veerapandi  and Kumar [17],Rao 

et.al.[9] , Rao and Kalyani [10], Nigam et.al.  [7], 

Park [8]. Recently Jain and Sayyed [4] and Mane and 



9 
 

Sayyed [5] shown fixed point theory in contractive 

type condition   

 

2. RESULTS 

THEOREM 2.1 : Let H be a Hilbert space and let C 

be a closed convex subset or H. Let R and S be two 

mappings satisfying   

||Rx-Sy||2 ≤ a ||𝑥 − 𝑦||2 + a* 
||y−Sy||2[1+||x−Rx||2]

1+||x−y||2    

                        + b 
[ 1 +||y−Sy||2 ]||x−Rx||2

1+||x−y||2   

                        + c  [||x-Rx||2 + ||y-Sy||2]  

                        + c* [||x-Sy||2 + ||y - Rx||2]  

      

    ..             .... (2.1) 

 Here a,a*,b,c and c*are non zero with  0 ≤ 

4a+4a*+4b+8c+6c*≤ 1. If ∃  a point x0 such that the 

I- scheme for R and S defined by as same Sayyed and 

Badshah [15] converges to a point u, then u is a 

common point of R and S. 

PROOF: 

By Sayyed and Badshah [14]  that 

 x2n+1 - x2n = 𝛼2n (Sy2n - 𝑥2n) 

Since x2n→ u, || x2n+1 - x2n || → ∞ 

Since { 𝛼2n } is bounded away from zero, 

  ||Sy2n- x2n|| → 0 as  𝑛 → ∞. 

It follows that ||u - Sy2n || → 0 as  𝑛 → ∞. 

Equation (2.1) satisfied by R and S, then  

 

||Rx2n-Sy2n||2 ≤ 𝑎 ||x2n - y2n||2  

                          + 𝑎 ∗     
||𝑦2𝑛−𝑆𝑦2𝑛||2[1+||𝑥2𝑛−𝑅𝑥2𝑛||2]

1+||𝑥2𝑛−𝑦2𝑛||2              

   

                                 + b 
[1 +||𝑦2𝑛−𝑆𝑦2𝑛||2 ]||𝑥2𝑛−𝑅𝑥2𝑛||2

1+||𝑥2𝑛−𝑦2𝑛||2  

                              + c [||x2n-Rx2n||2 + ||y2n-Sy2n||2]      

              + c* [||x2n-Sy2n||2 + ||y2n - Rx2n||2] 

      

              .....(2.2) 

Now, ||y2n - x2n||2 = || β2n Rx2n +(1- β2n ) x2n -  x2n ||2 

  = || β2n Rx2n + x2n- β2nx2n -  c ||2 

  = || β2n (Rx2n -x2n) ||2 

 =  β2
2n || (Rx2n + Sy2n) + (Sy2n -  x2n) ||2 

                  ≤  2 ||Rx2n - Sy2n||2 + 2 || Sy2n - x2n||2                                                                           

    

         ..........(2.3) 

and  

 ||y2n - Sy2n||2 = || β2n Rx2n + (1- β2n) x2n - Sy2n||2 

 = || β2n Rx2n + (1- β2n) x2n - Sy2n + β2n
 

   Sy2n - βy2n Sy2n ||2 

= || β2n (Rx2n - Sy2n) + (1- β2n) (x2n - Sy2n)||2 

≤ 2 β2
2n || Rx2n - Sy2n||2 + 2 (1- β2n)2 || x2n - Sy2n||2 

≤  2  || Rx2n - Sy2n||2 + 2 || x2n - Sy2n||2                                                                          

      

                                              .......(2.4) 

from (2.2), (2.3) , (2.4) can be written as: 

||Rx2n-Sy2n||2 ≤ 𝑎 [2 ||Rx2n - Sy2n||2 + 2 || Sy2n - x2n||2 ] 

  

       + a* 
[2||Rx2n−Sy2n||2+ 2 ||x2n−Sy2n  ||

2][1+2||x2n−Sy2n  ||
2+2||Sy2n−Rx2n||2]

1+2 ||Rx2n−Sy2n||2 + 2||Sy2n−x2n||2   

 

       + b 

[1+2||𝑅𝑥2𝑛−𝑆𝑦2𝑛||
2 

+2||x2n−Sy2n  ||
2][2 ||𝑥2𝑛−𝑆𝑦2𝑛  ||

2+2||𝑆𝑦2𝑛−𝑅𝑥2𝑛||2)

1+ 2 ||Rx2n−Sy2n||2 + 2||Sy2n−x2n||2   

 

                               + c [2||x2n-Sy2n||2 +2 ||Sy2n-Rx2n||2 

+ 2  || Rx2n - Sy2n||2 + 2 || x2n - Sy2n||2] 

   + c* [||x2n-Sy2n||2 + 2 || Rx2n - Sy2n||2 + 2 || x2n Sy2n||2] 

 

Or 

||Rx2n-Sy2n||2 ≤ 𝑎 [2 ||Rx2n - Sy2n||2 + 2 || Sy2n - x2n||2 ]  

            +a* [2||Rx2n − Sy2n||2 +  2 ||x2n − Sy2n  ||
2] 

                           + b [2||x2n-Sy2n||2 +2 ||Sy2n-Rx2n||2 ]     

  +c [4||x2n-Sy2n||2 + 4||Rx2n-Sy2n||2 ]  

                         + c* [3||x2n-Sy2n||2 + 2 || Rx2n - Sy2n||2 ] 
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Or   

||Rx2n-Sy2n||2 ≤ (2a + 2a*+2b+4c+3c*) ||Rx2n-Sy2n||2   

                                         + (2a+2a*+2b+4c+3c*) ||x2n-Sy2n||2 

Or 

(1-2a-2a*-2b-4c-3c*)  ||Rx2n-Sy2n||2 ≤  

                             (2a+ 2a*+2b+4c + 3c*) ||x2n-Sy2n||2  

Or  

||Rx2n-Sy2n||2 ≤  
2a+2a∗+2b+4c+3c∗

1−2a−2a∗−2b−4c−3c∗   ||x2n-Sy2n||2 

Taking the lim as n→ ∞, we get ||𝑅𝑥2𝑛 − 𝑆𝑦2𝑛||
2 

→

0. It follows that 

||𝑥2𝑛 − 𝑅𝑥2𝑛  ||
2 ≤ ||𝑥2𝑛 − 𝑆𝑦2𝑛  ||

2  

                                       + 2||𝑆𝑦2𝑛 − 𝑅𝑥2𝑛  ||
2 → 0 

and, 

||u- Rx2n||2  ≤  2||u - x2n||2 + 2 ||𝑥2𝑛 − 𝑆𝑦2𝑛  ||
2  →

0 𝑎𝑠 → ∞. 

If x2n and u satisfy (2.1) we have 

||Rx2n-Su||2 ≤  a||x2n -u ||2  

    + a* ||u-Su||2 [1+ ||x2n-Rx2n||2]  / 1+ [||x2n-u||2    

      + b[1+ ||u-Su||2] ||x2n-Rx2n||2  / 1+ [||x2n-u||2    

           +c [||x2n-Rx2n||2 + ||u-Su||2]  

             + c* [||x2n-Su||2 + ||u - Rx2n||2] 

||Rx2n-Su||2 ≤  a||x2n -u ||2 + 

  a* [2|| u- Rx2n||2 +2|| Rx2n - Su||2] [1+ ||x2n-Rx2n||2]  / 

1+ [||x2n-u||2    

+ b[ 1+ 2|| u- Rx2n||2 +2|| Rx2n - Su||2 ] ||x2n-Rx2n||2  / 

1+ [||x2n-u||2    

+c [||x2n-Rx2n||2 + 2|| u- Rx2n||2 +2|| Rx2n - Su||2 ] + c* 

[||x2n-Su||2 + ||u - Rx2n||2] 

Taking the lim as n→ ∞, we obtain 

||𝑅𝑥2𝑛 − 𝑆𝑢||
2 

≤ (2a*+2c) ||𝑅𝑥2𝑛 − 𝑆𝑢||
2 

 

(1-2a*-2c) ||𝑅𝑥2𝑛 − 𝑆𝑢||
2 

≤ 0. 

that is, ||𝑅𝑥2𝑛 − 𝑆𝑢||
2 

→ 0 

Finally ||u-Su||2 = || u - Rx2n +Rx2n - Su||2 

≤ 2|| u −  Rx2n ||2 + || Rx2n - Su||2 → 0 as n→ ∞, 

It shows that u= Su. 

Proceeding in the same manner  ; we can write 

  u= Ru. 

Thus, u is a common fixed point of R and S. This 

complete the proof of theorem. 

Letting R = S = Z in above theorem, we obtain the 

following corollary :  

COROLLARY 1.1 : Let B be a Hilbert space , C be 

a closed convex subset of Hilbert space H and Z be a 

self mapping in Hilbert space into itself satisfying 

condition 2.1 and  a,a*,b,c and c*are non zero with   

  0 ≤ 4a+4a*+4b+8c+6c*≤ 1. 

where  0 ≤ 4a+4a'+4b+8c+6c'≤ 1. 

If there exists a point  x0 such that the I-scheme for Z 

defined by  

yn = βn Zxn+ (1- βn) xn, n ≥ 0 

xn+1 =  (1- αn) xn  + αn Zyn , n ≥ 0 

converges to a point p, then p is the fixed point of Z. 

In the I- scheme ,{ αn }, { βn } satisfy  0 ≤ αn ≤ βn ≤ 1 

for all n. 

lim
𝑛→∞

βn. ∑ 𝛼𝑛𝛽𝑛 = 0 Assuming that  

(i) 0 ≤ αn, βn ≤ 1, for all n. 

(ii) lim αn = α > 0, 

(iii) lim βn = β > 1. 

The proof is similar to above Theorem, Hence we 

omit the details. 
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3. CONCLUSION 

                  

 In this work ,we have obtained a unique common 

fixed point theorem in Hilbert space with I-scheme 

using rational type inequality .Our done work is an 

expedition of many previous known results .  

 

REFERENCES 

[1] Lj.B.Ciric, Generalized contraction and fixed 

point theorem, Publ .Inst. Math. Vol. 12(26),19-

26,1971. 

[2] B.K.Das and S.Gupta, An extension of Banach 

contraction principal through rational expression , 

Indian Journal of Pure and Applied Math.   Vol.6, 

1455-1458,1975. 

[3] M. Imdad and J.Ali , A note on a fixed point 

theorem in Hilbert spaces, Thai Journal of 

Mathematics Vol. 3 ,No. 2 : 219–221, 2005. 

[4] S.K.Jain , and  S. A., Sayyed , Nonlinear 

contraction satisfying square inequality and fixed 

point theory, International Journal of Research and 

Analytical  Reviews ,  Vol. 6, Issue 2,pp.923-929, 

2019. 

[5]  S.P.Mane and S.A.Sayyed, Study on contractive 

maps with different type of fixed point, The Journal 

of Oriental Research Madras,Vol.MMXXII-XCIII-II 

[6] S.A.Naimpally and K.L. Singh, Extensions of 

some fixed point theorems of Rhoades, 

J.Math.Anal.Vol.96, 437-446,1983. 

[7] S. K. Nigam, N. P. S. Bawa and P. K. 

Shrivastava, Fixed point theorems in 

Hilbert space, Varhahmihir J. Math. Sci.,Vol. 3(1), 

113-118,2003. 

[8]S. Park, Fixed points and periodic points of 

contractive pairs of maps, Proc.College Nat. Sci., 

Seoul Nat. Univ., Vol.5(1) 9-22, 1980. 

[9] N.Rao , K.Kalyani and K.V. Acharyulu,  A 

unique fixed point theorem in Hilbert space. 

Acta Cienc Indic Vol.41pp.39-46. 2015. 

[10] N. S.Rao  and K. Kalyani ,  Some results on 

common fixed point theorems in Hilbert space, Asian 

Journal of Mathematical Sciences, Vol. 4,Issue 1 

pp.66-74,2020 

[11] B. E. Rhoades, A comparison of various 

definitions of contractive mappings,Trans. Amer. 

Math. Soc., Vol.226,pp.257-290, 1977. 

[12] B. E. Rhoades, Contraction definitions revisited, 

Contemporary Math., Vol.21, pp189-205,1983. 

 [13] F. Sayyed and V.H.Badshah, Generalized 

contraction and common fixed point theorem in 

Hilbert space, J.Indian.Acad.Math.,Vol.23,No.2,pp-

267-275, 2001. 

[14] S.A.sayyed and V.H.Badshah, Generalization of 

common fixed point theorem of Naimpally and 

Singh, Ultra Science, Vol.17(3), pp.461-464, 2005. 

[15]  S.A.sayyed and V.H.Badshah, Common Fixed 

Point Iteration Process In Hilbert Space , Vikram 

Mathematical Journal ,Vol.25,pp. 160-165,2005. 

 [16]S.A.sayyed and V.H.Badshah, Extensions Of 

Some Common Fixed Point Theorems  In Hilbert 

Space”. Jnanabha, Vol.35, pp.,2005. 

[17] T.Veerapandi and S.A. Kumar ,Common fixed 

point theorems of a sequence of mappings on Hilbert 

space. Bull Calcutta Math Soc Vol.91,pp.299-308, 

1999. 

[18]H. Yadav , S.A.sayyed and V.H.Badshah ,A Note 

On Common Fixed Point Theorem In Hilbert Space 

,Material Science Research India Vol .7 No.2,pp.515-

518, 2010. 


